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Abstract 
Ifantis, E.K., C.G. Kokologiannaki and C.B. Kouris, On the positive zeros of the second derivative of Bessel 
functions, Journal of Computational and Applied Mathematics 34 (1991) 21-31. 
Let J,(z) be the Bessel function of the first kind and of order Y, J,,‘(z) the derivative of J,,(z) and j,,i its first 
positive zero. This paper examines the existence of zeros of M,(z) = zJ,‘( z) + ( pz2 + a)J,(z) in (0, j,,i) with 
emphasis on the particular case where j3 = 1 and a = - y2. In this case the zeros of M,(z) are the zeros of the 
second derivative J,“(z) of J,(z). Conditions are found under which the function J,,“(z) has a unique zero in 
some subintervals of the interval (0, j,,,). The ordering relations that follow immediately and well-known 
bounds of the functions J y+I(x)/J,,(x) lead to several upper and lower bounds for the first positive zero of 
J,“(z), which are found to be much sharper than the well-known bounds in the literature. 
Keywords: Mixed Bessel functions, zeros of the derivatives of Bessel functions. 
1. Introduction 
The zeros of the second derivative J,“(z) of the ordinary Bessel function J,,(z) of order v have 
been extensively studied in the case where v is real and v < - 1 [2,3,7]. This is due to the fact 
that in this case the first derivative JV’( z) has double zeros, which are of particular interest in the 
conformal mapping problem of J,(z). 
In the case v > - 1, the zeros of .JV”( z), due perhaps to lack of motivation, have not been 
studied to the extent that the zeros of J,‘(z) and the zeros of other mixed functions as, for 
example, of the functions (Y J,( z) + zJ,‘( z) have been studied. 
The zeros of J:‘(z) present some particular features concerning their relative positions with 
respect to the positive zeros jy,k, k 2 1, of J,(z). For example, the function J,‘(z), for Y > 0, has 
one and only one zero in the interval (0, j,,,) whereas J,“(z) can have more than one (see 
Section 3). 
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Another reason that we study the zeros of J:‘(z), except for their peculiar properties, is that 
they are related to the zeros of many mixed Bessel functions. Specifically the zeros of the 
function J;‘(z) are the same as those of the mixed function zJ,(z) + J;(z). In the literature one 
finds several upper and lower bounds for the first positive zero of J,“(z). The location of the 
zeros of Jy”(z) in subintervals of the interval (0, j,,,) we establish here, leads to lower and upper 
bounds which are much better than those well-known bounds. 
In the present work, we start with the more general function 
Mv(z)=zJv’(z)+(/3z2+~)Jv(z) 0.1) 
and study the zeros of J,“(z) as a particular case, because, according to the Bessel equation, the 
zeros of J,,“(z) are the same as the zeros of the mixed function zJ,‘( z) + ( z2 - v2) J,( z). 
In Section 2 the problem of finding the zeros of (1.1) is easily reduced to the problem of 
finding the solutions of the transcendental equation 
a+v+px2=xJ;ii(;). 
“X 
0.4 
This holds for every V. However, in the case Y > - 1, the function x.J,+,( x)/J,( x) is positive and 
increases from 0 to co, as x increases in the interval (0, j,,,). Moreover, from the well-known 
Mittag-Leffler expansion [8]: 
Jv+dx) =2x: .2 1 
J,(x) 
x# +j,,,, n=l,2 ,..., 
n=l v,n J 
-x2 ’ 
we conclude that the above function is a meromorphic function with as poles the zeros jy,k, 
k = 1, 2 ,..., of J,(z). 
In Section 3 the problem of the existence of zeros of My(z), J:‘(z) in the interval (0, j,,,) is 
studied. In Sections 4 and 5 lower and upper bounds for the first zero of J”“(z) are found and 
compared with the well-known bounds in the literature. 
2. The transcendental equation for the zeros of Mv(z 1 
Proposition 2.1. p # 0 is a zero of the function 
Mv(z)=(j3z2+~)J,(z)+zJ,I(z) 
if and only if p is a solution of the equation 
4+1(x) v+a+px2=x J,(x) . 
Proof. p # 0 is a zero of (2.1) if and only if 
(PP’ + +h) + PA’(P) = 0 
or 
(2-l) 
(2.2) 
(2.3) 
(2.4 J,‘(P) Pp2+a= -p Jv(p) ’ 
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The relation (2.4) becomes 
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(2.5) 
because of the well-known relation [8] 
zJ,‘(z) +zJ”+~(z) = vJ,(z). 
From (2.5) we obtain the desired result. EI 
Corollary 2.2. p # 0 is a zero of the second derivative JV”( z) if and on& if it is a solution of the 
equation 
v-v2+x2=x J,+dx) 
J,(x) . (2.6) 
Proof. In that case, p is a zero of the function J”“(z) which satisfies the equation 
(z’- Y’) J,(z) + zJ,‘(z) = -z’J,“(z); 
thus from (2.2), for cy = -v2 and p = 1, we obtain (2.6). q 
Remark 2.3. The functions M,(z) and J,(z) cannot have common zeros. This follows easily, 
from relation (2.3), because if the above functions have a common zero, then the functions J,(z) 
and J,‘(z) will have a common zero also, which is impossible [8]. In particular, the functions 
J,(z) and J,“(z) cannot have common zeros. Thus a positive zero of A4,( z), if it exists, lies 
necessarily in the open intervals (0, j,,,) and (j,,,, ju,k+l), k >, 1, where j,,, is the kth positive 
zero of J,(z). 
Because of the well-known Mittag-Leffler expansion [8]: 
J,+,(x) 
J”(X) 
=2x: .2 1 
,,=I J,,, -X 
2’ xf +j,,,, n=l,2 ,..., 
it follows that the function 
,4+,(x) =2x2 F .2 1 
J,(x) n=i J,,, 
- x2 ’ x+ +j,,,, n=l,2 ,..., 
(2.7) 
(2.8) 
is a meromorphic function with as poles the zeros of J,(x). From (2.8), since 
d J,+,(x) dx J”(x) [ 1 
the function xJ,+,(x)/J,( ) x increases from - cc to + 00 as x increases in each of the intervals 
(j”,k> jZ++i), k a 1. 
Remark 2.4. Note that a similar approach to the above is followed in [5] for the study of the 
zeros of ((Y + 6z) J,( z) + (/3 + yz) J”‘(z), where (Y, p, y and 6 are real. 
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3. The existence of zeros in the interval (0, j,,,) 
We consider the function 
Jv+dx) 
G,(x) = -(V+(Y) -/3x2+x Jv(x) . (3.1) 
According to the results of the previous section, the zeros of G,(x) are the same as those of 
M,(x). The existence of at least one zero of G,(x), v > - 1, in each of the intervals ( jy,k, ju,k+l), 
k 2 1, follows immediately because G,(x) is continuous and varies from - co to + cc as x varies 
in (jv,k, jy,k+i)Y k >, 1. In the interval (0, j,,,) the function xJv+,(x)/Jv(x) increases from 0 to 
cc. For cy + v > 0, the existence of at least one zero of G,(x) in (0, j,,,) follows easily, because 
G,(O) < 0 and lim,,jV,GV(x) = co. 
Theorem 3.1. Let 
1 
p> 2(1+v)’ V>, --(y> -1. (3 4 
Then there exists a unique zero p + 0 of M,,(x) in (0, j,,,) which satisfies 
xo G P <Jv,l, 
where x0(v) is the unique zero of the function 
g,(x) = 2 E .2 1 
n=l Jv,n -x 
2 - P in (0, j,,A. 
The equality in (3.3) holds if and only if Y = -a. 
(3.3) 
Proof. We write G,(x) as follows: 
G,,(x) = -(CX + v) + x2gy(x), 
where 
g,(x)=2 f j2 ‘,, -fi* 
n=l v,n 
Since 
we see that g,(x) increases monotonically in (0, j,,,). For x = 0, we obtain 
g,(O) = 2n<1 k - P, 
and from the first Rayleigh sum [S] 
(3.4) 
(3.5) 
we obtain 
g,(O) = 
1 
2(v+l) -pCo. 
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On the other hand, lim, _ j,, g,(x) = + cc. So there exists a unique zero x,, of g,(x) in (0, j,,,). 
For a + v = 0 this is the unique zero of G,(x) in (0, j,,,). Let (Y + v > 0; then the function G,(x) 
takes negative values as x varies in (0, x0], because g,(x) < 0 for x d x0. Since g,(x) > 0 for 
x E (x0, j,,,) and g,(x) increases monotonically with lim,,,,,g,(x) = + 00, G,(x) increases 
monotonically in (x0, j,,,) from negative values to + co. Thts proves the existence of a unique 
zero of G,(x) in (x0, j,,,). El 
Theorem 3.2. For 0 < v < 1, the function J”“(z) has a unique zero ji,i in (0, j,,,) which satisfies 
j& < x0 G:(,, 
where x0 is the unique zero of the function 
(3.6) 
g.(x)=25 .2 l 2 -1 (3.7) 
,,=I J,,, -X 
in (0, _&) and_& is the first positive zero of J,‘( z). The equality in (3.6) holds only for v = 1. 
Proof. In this case, we have fi = 1 and (Y + v = -v2 + v >, 0, and the conditions (3.2) are 
satisfied. Thus, Theorem 3.1 implies the existence of a unique zero in (0, jy,i), which satisfies 
x0 <J;t;. 
To prove the inequality j$ < x0, we observe that the function (3.7) satisfies gy( j:,,) < 0. In 
fact we have: 
or 
jVt:gV(jVtl) = 2j$ E .2 
1 .,2 
.,2 -J~,I. 
n=l J,,, -J~,I 
From (2.2) and (2.7), for (Y = p = 0 and x = j,‘,i, it follows that 
because of the well-known inequality [8, p.4861 jVtl > /m. 0 
Theorem 3.3. For v z=- 1, the function J,,“(z) has at least two zeros in the interval (0, j,,,). One and 
only one in the interval (0, v) and at least one in the interval (j,‘,*, j,,,). 
Proof. Consider the function: 
J,+,(x) Gv(x)= -v+v2-x2+x J(x) 
Y 
and observe that: 
Gv(0)=v2-o-0, v>l. (3.8) 
We know that the zeros of the function -v + xl y+l(x)/Jy(x) are the zeros of J,,‘(x) and that for 
v > 0, j$ > /m > v. Since this function increases with x and vanishes at J$, it follows 
that its value at v is negative. Thus: 
G,(v) < 0. (3.9) 
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On the other hand, 
G;(x) = -2x + J,+,(x) 
J,(x) 
= -2x+ J;;‘;’ 
Y x 
’ +x Jyflk4 I I J,(x) 
+ xJvbbJi+~b) -4+1(x> Jv'b) 
J;(x) 
Using the well-known relations 
Gxx> + xJ,+,(x) = VJvb) 
and 
x’J,“(x) + xl,‘(x) + (x2 - v’) J"(x) = 0, 
we find after some algebra: 
4+1(x) 
v-x J,(x) 
2 _ x2 _ y2 
G;(x) = 1 
X 
The function - Y + xJ,+,( x)/J,( x) is an increasing 
see that for x = v it is negative, hence it is negative 
was proved [4] that for v > - 1, 
J,+,(x) 
J,(x) ’ 2(v:7) > o---%,1- 
(3.10) 
function of x, for x > 0, and from (3.9) we 
for 0 < x -C v whence xJ~+~(x)/J~(x) < v. It 
(3.11) 
We conclude that 
v>xJ”+‘(4 > x2 
J,(x) 2(v + 1) 
and 
and from (3.10) we find 
X4 vx2 2 -x*-v2 
4(v+ 1)” -v+l-x- 
G,‘(x) < = 
X X 
Hence, 
G,‘(x) < 
X3 _ (2v+l)x = x 
4( v + 1)2 v+l 4(v + 1) 
2 (x2 - 4(2v + l)(v + 1)} -C 0 
for 0 < x ( v. 
G,(x) is therefore a monotonically decreasing function of x in the interval (0, v). This 
conclusion and the relations (3.Q (3.9) show that in this interval there is for v > 1 one and only 
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one zero of J,,“(z). Since G,( jut,) = v* -j,,ti < 0 and lim 
one zero in (j&, j,,,). 
x + j,,G,(x) = + cc there exists at least 
Theorem 3.4. For - 1 < v < - :, the function J,“(z) has no zeros in (0, j,,,). 
Proof. In this case, 2( v + 1) < 1. The theorem follows easily from the graphs of the curves 
v*-v 
Y&x) = 1 - - 
x2 ’ 
(3.12) 
y*(x) = 2;‘;‘. 
Y x 
(3.13) 
See Fig. 1. 0 
Corollary 3.5. The first positive zero j,,:; of J,,“(z) satisfies the relation J,,'; > j,,, in the interval 
( - 1, - i]. It follows from Theorem 3.4. and the result that at least one zero of J,,“( z) lies in each of 
the intervals ( jy,k, jv,k+l), k > 1. 
Remark 3.6. Consider the case - $ < v < 0. From (3.12) and (3.13), we see that, in order that the 
function J,“(z) has a zero p # 0 in (0, jy,r), we must have Y1( p) =Y2( p). Since 
we have 
v*- v 
Yl(P> = 1 - p’ 2 2(v: 1) 
Hence if 
j,,,< /w, 
(3.14) 
(3.15) 
Fig. 1. The functions y,(x) (3.12) and y*(x) (3.13) for -1 < v Q - 4. 
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there is no solution in (0, j,,,). Since we know, from the literature [1], that j,,, < ~~(&?~ 
+ 1), v > - 1, we have no solution in (0, j,,,) for 
JZi(Jvs2 + 1) < {W /m, or 1+&i?< 
which is obviously true for v G -0.3934. Hence for -0.5 < v < -0.3934 we have no solution in 
(0, j,,,). For v = -0.39, j,,, = 1.7684 and (3.15) does not hold. 
4. Lower bounds for the first positive zero of J,“(Z) 
(1) Theorem 3.2 together with the well-known inequality jU:t > \iv(vm, v > 0, [8, p.4871, 
lead to the following lower bound for the first positive zero of J,“(z): 
Ju,l ?-/qiTg, O<v<l. (4-l) 
(2) Let x0 be the unique root of the equation J,,+I(x)/(xJ,(x)) = 1 in (0, j,,,). Then, from the 
inequality [4] 
4+1(x) 1 jV$ 
xl,(x) < 2(v + 1) jy;lt - x2 ’ 
o<xq,,,, v> -1, 
we get 
%‘jZJ,I 
1 + 2v 
J-- 
2(l+v) > O<vGl. 
This inequality together with Theorem 3.2 gives the following lower bound: 
which is sharper than the lower bound (4.1). 
(3) From (2.6) and the inequality [4] 
J,+,(x) 3.2 
J,(x) 
( 2(V; 1) + 8( v + 1)2(2x+J;;[j;l _ x2) ’ ’ < x <JvT1’ ” -” 
we find 
.,f2 
v - Y2 +jy:;’ -c ,(f:: 1) + 
_ii,Fi~ 1 
8( v + 1)2(2 + v)( j& -jL,i2) ’ 
For v > 0 we have proved that jy’,; < jV,t, therefore: 
_f(ji,?j =j:.i4[_& + 4(1+ v)(2 + v)(2v + l)] 
+ j:(;;4(1 + v)(2 + v)[2(1 + v)(v - v”) - (2v + 1) j&l 
+ 8(1 + ~)~(2 + v)( v2 - v) jy2.t >O. 
(4.4 
(4.3) 
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In the case 0 < v < 1 the quantity 
A = 16(1 + v)*(2 + v)*[2(1 + v)(v - v’) - (2v + l)j$]’ 
+ 32(1 + ~)~(2 + v)( v - v*)j$[ j$ + 4( v + l)( v + 2)(2v + l)] 
is positive and the roots of equation f( j$*) = 0 in (4.3) are real, one positive, one negative. Thus 
we find 
I, 
Jv,l ’ 
4(v+l)(v+2)[2(v+l)(v2-v)+(2v+l)jy’.I] +fi I’* 
2[ jy2,* + 4(1+ v)(2 + v)(2v + l)] I . 
(4.4) 
Remark 4.1. For v = :, we can find numerically that the first zero is jr’;,,, = 2.7593632. The 
bound (4.4) gives jr’;,,, > 2.741319, this shows that the bound is sharp enough, because the 
difference is only 0.6539%. 
Remark 4.2. From (4.4) we can find several lower bounds of j:(1, less sharp but simpler. Since 
A > 0 for 0 < v 6 1, we find from (4.4) 
“* . I, 
J ’ 
i 
2(v + l)(v + 2)[2(v + l)(v* - v) + (2v + 1) jy2,r] 
v,l jy2,1 + 4(1 + v)(2 + v)(2v + 1) 1 . 
(4.5) 
Using well-known bounds for j,,, we can find from (4.4) or (4.5) several bounds of j,,:;. 
(4) From the equation 
v - v2 + j:(: = jy’(l Jv+djYd Jv ( jL:l’) , v > 1 , 
it follows that 
V - V* + J;,;* > 0, 
because jV:; > 0 and from (3.11) we have 
JV+r(j:(,) > o 
J, ( j$ ) ’ 
This leads to the well-known bound [8, p.4871 
jy’( > \im, v > 1. 
For v > 1, the inequality 
4 + I ( _L’,i >
X,:4 ( .iY:; > ’ 2(v: 1) ) (see W1))~ 
(4.6) 
applied to (4.6) gives: 
V - V* + J;i2 > 
2(v+ 1). 
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This leads to the following lower bound: 
j$> /w, v>l, 
which is sharper than the bound (4.7). 
Note that for v = 0 equations (4.2), (4.4) give the simple bounds 
jd,l > g and jd,> >jO,, 
J 
8 
8 +j& ’ 
respectively. 
5. Upper bounds for the first positive zero of J,“(Z) 
(1) From (2.6) and the inequality [6] 
J,+,(x) < x 
J,(x) v+2’ 
v > 0, 0 < x C= jL,t, 
for x = jL,i and v > 1 (because, 
,112 
Jv I v - v2 i,;,p < k 
v+2 
or 
in that case we have j:,i < jVt,), we find 
Remark 5.1. The upper bound (5.1) for the first zero j,,:; of J,“(z) is sharper than the well-known 
bound ji,; < \lv2, v > 1, [8, p.4871, which can be found in our approach from the relation 
J,+,(x) < x 
J”(X) v+l’ 
weaker than 
Jv+,b) < x 
Jvb) v+2- 
(2) From (2.6) and the inequality [4] 
J,+,(x) X3 
J,(X) ’ 2(vx+ 1) + 8( v + 1)2(2 + v) ’ 
V> -1, o<X<J;,,, 
we find: 
.,r2 .rt4 
v 10, 
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whence 
f( j:(,‘) = j:(;’ + j:(:4( v + 1)(2 + V)( - 2~ - 1) + 8(1 + v)2(2 + v)( JJ’ - V) < 0. (5.2) 
In the case 0 -C v < 1 the quantity 
A, = 16( v + l)‘( Y + 2)‘(2~ + 1)’ + 32(1 + ~)~(2 + v)( Y - v”) 
is positive and the roots of equation f( _&‘;‘) = 0 in (5.2) are therefore real, one positive, one 
negative. Thus we find 
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